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Investigation of Case Il Diffusion Behavior. 1. Theoretical Studies
Based on the Relaxation Dependent Solubility Model
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ABSTRACT: A model previously shown to provide physically meaningful interpretation of a wide range
of polymer—penetrant relaxation-induced non-Fickian (including case I1) sorption Kinetics, is used here
as a basis for a deeper understanding of fundamental case Il Kinetic features. In particular, we report
and discuss model calculation results on the dependence of penetration velocity v, and of important
characteristics of the concentration profile, on the main material parameters which characterize the
system. The latter include the polymer relaxation rate constant relative to the diffusion constant, the
parameters measuring the magnitude of the (exponential) concentration dependence of these constants,
and the sorptive capacity of unrelaxed, relative to relaxed, polymer. A precisely defined relaxation lifetime
is evaluated analytically and shown to provide a simple single-parameter link between penetration velocity
behavior and relaxation kinetics. In the same vein, a quantitative measure of the steepness of the sharp
penetration front, also amenable to analytical evaluation, is proposed and its application illustrated.

Introduction

The term “case 11 diffusion” was first applied by Alfrey
et al.! to micromolecular penetration into a glassy
polymer substrate characterized by zero-order Kkinetics
and a sharp penetrant advancing front. This phenom-
enon appeared to constitute a limiting form of the devia-
tion from normal Fickian penetration Kinetics (corre-
spondingly termed “case | diffusion”) commonly exhib-
ited by glassy polymer-micromolecular penetrant sys-
tems. It was first shown by Crank,? on the basis of suit-
able simplified models, that such non-Fickian (NF) sorp-
tion Kinetics could plausibly be attributed to penetrant-
induced slow viscous molecular relaxation (VR) and/or
differential swelling stresses (DSS) in the swelling
polymer substrate.

The intense interest in the study of case Il diffusion
stimulated by the work of Alfrey et al.! soon led to the
realization that it constitutes an extreme form of
relaxation- controlled penetration kinetics.® Even so, the
demonstration that case Il behavior could be predicted
theoretically on the basis of the fundamental model
formulations originally proposed by Crank? came after
a rather long period of time*~¢ (during this period, NF
diffusion theory could deal with this phenomenon only
empirically by postulating the presence of a case Il
convection process occurring simultaneously with Fick-
ian diffusion).378 The particular modeling approaches*~¢
used for this purpose differ from those of Crank? in two
significant respects; namely (i) the necessity (first
emphasized in ref 9) to formulate the diffusion process
in terms of a chemical potential gradient (instead of a
concentration gradient) driving force was recognized and
(ii) the sorptive capacity of the polymer for the penetrant
(rather than the diffusivity of the latter in the polymer)?
was considered as the property primarily affected by the
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underlying physical mechanism(s). Thus, the operative
diffusion equation for unidimensional liquid penetration
into a seminfinite dry polymer film is*~8

9C _ 9 ( Coda)_d(, s a
ot ox ( Ta 8x) - ax( ™ ax) (1a,b)
with
ax=0,t)=1, ax,t=0)=0, ax—o,t)=0
(2a,b,c)

In egs 1 and 2, x denotes position along the axis of pen-
etration with x = 0 at the surface exposed to bulk liquid,
t is the time, Dt is the thermodynamic diffusion coef-
ficients defined here on a polymer-fixed frame of refer-
ence, C is the concentration of penetrant in the polymer
at given x and t (in mol per unit volume of pure poly-
mer), and a is the corresponding activity defined by

u=u’+RTIna 3)

where u, u° represent the chemical potential of pen-
etrant in the polymer and in the pure bulk liquid,
respectively. In eq 1b, S = C/a is the solubility coef-
ficient, defined as a measure of the sorptive capacity of
the polymer at any given stage of the relaxation process;
hence the designation “time-dependent solubility” (TDS)
model adopted in ref 5, to distinguish this approach from
the “time-dependent diffusivity” (TDD) one used by
Crank? (but note that the terms “relaxation-dependent
solubility or diffusivity” would provide a more accurate
description of the nature of these models). In all cases,
ideal sorption of the penetrant by the polymer was
assumed for the sake of simplicity [this was done by
setting S(a) = S(a = 1); see below], while Dt was a
strong increasing function of C.

The treatments of Thomas and Windle (TW)* and of
Petropoulos (JP)® differ in their formulation of the vis-
cous relaxation process. In the former approach, this
process (a) is assumed to control penetrant uptake fully
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Figure 1. Schematic representation of actual (---) and
linearized (—) sorption isotherms for unrelaxed [C°(a)] and fully
relaxed [C”(a)] polymer.

(i.e., unrelaxed polymer cannot take up any penetrant)
and (b) is formulated, following Newns,° in terms of
the osmotic stress IT, which reduces to zero for fully
relaxed polymer. For the assumed case of ideal sorption,
we have

u=u’+RTInC+1IV (4)

where C = C/C; C7 is the concentration in the relaxed
polymer at equilibrium with a = 1; and V is the partial
molar volume of the sorbed penetrant. Equations 3 and
4 yield

P 1Y
= oxp[~ & (5)

Note that for the fully relaxed polymer C=ale
S=1).

The viscous deformation of the polymer is governed
by a nonlinear form of Newton’s law of viscous flow,
namely

(6)

where? € is the deviatory swelling strain, k, = constant,
and the viscosity 7 is assumed to decrease exponentially
with increasing concentration C. Equations 1, 2, and 6
were solved numerically in a consistent manner by an
iterative procedure, the rate of convergence of which was
not investigated in detail .48

The JP treatment is not subject to the limitation of
assumption a above (thanks to this, a much wider range
of non-Fickian Kinetic behavior can be satisfactorily
interpreted thereby).> In particular, it is recognized
therein that the unrelaxed glassy polymer can (as
evidenced by the phenomenon of two-stage sorption)®’
accommodate a limited amount of sorbate through fast
(practically instantaneous), purely local segmental dis-
placements (in exact analogy with the initial elastic
deformation typically observed in viscoelastic mechan-
ical creep behavior).> This is done by defining (as
illustrated in Figure 1) an “initial” or “instantaneous”
sorption isotherm C°(a) for unrelaxed polymer, in ad-
dition to that for fully relaxed polymer considered above,
which is here designated by C*(a), the relevant solubil-
ity coefficients, for given a, being S° = C%a and S* =
C~/a. The formulation of the viscous relaxation process
is then analogous to that used in Crank’s TDD model
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Figure 2. Computed concentration (=) and activity (---)
penetration profiles for S° = S°%S® = 0.01 (lines A), 0.1 (B),
and 0.2 (C), with D¢/D, = 500, 5, = 10, and S/, = 104 Q¢ =
0.507 (A), 0.504, (B), and 0.50g (C).

(but physically it is a closer analogue of the treatment
of mechanical viscoelastic deformation than the TDD
model),> namely

dC _ 9C° da o
ot  oda ot +AC ©) (7)
where the relaxation frequency f is taken to be a
strongly increasing function of C. Equation 7 simply
states that incremental penetrant uptake 6C (corre-
sponding to the total change in volume swelling strain
VoC), over a small time interval 6t, can be analyzed into
an “elastic” part, which is associated with a correspond-
ing change in activity da without relaxation, plus a
viscous part. The latter corresponds to the amount of
penetrant which can be accommodated in the swelling
polymer, at constant activity, due to the extra sorptive
capacity generated by the relaxation process in time 6t.

Equations 1, 2, and 7 can be solved numerically in a
straightforward manner.5 It is worth noting, at this
point, that D(C) and S(C) functions of exponential form
were considered in ref 5 as offering the most appropriate
compromise between physical reality and mathematical
simplicity. Thus, bearing in mind that the concentration
dependence of 3 essentially reflects that of », there is
no significant difference in the formulation of the
concentration dependence of the diffusion and viscous
relaxation parameters in the TW and JP models.
However, because of severe computer power limitations
at the time, the actual case Il model calculations
reported in ref 5 were performed using suitable, com-
putationally less onerous cubic functions for D+(C) and
B(C). Although in ref 5 we took care (i) to explain that
this course was adopted purely in order to speed up the
computation and (ii) to demonstrate the close similarity
of the aforementioned cubic functions with the corre-
sponding exponential ones (see Figure 2 therein), a false
impression of “empiricism” may have been conveyed to
some readers. Accordingly, it is worth stating here that
later repetition of typical examples of the computations
reported in ref 5 with exponential Dt(C) and S(C)
functions has invariably led to the expected practically
identical results.

Subsequent elimination of assumption a from the TW
model by Durning et al. (CD)1~12 has led to a treatment
essentially equivalent to that of JP. The main difference
is that the relaxation process is visualized by CD as one
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of osmotic stress described by (G, = instantaneous
elastic modulus)

_9C

_lan, B
G, it G, ®)

101
G, ot

L
n
instead of the formulation in terms of relaxation of
“osmotic strain” adopted by JP in eq 7. Integration of
the (assumed linear) elastic term in eq 8 enables us to
determine C° defined above, for a given a, as a function
of the corresponding IT, namely!!

go=_1 ©)
G,\VC;

Application of eq 5 then yields the aforementioned

“initial” or “instantaneous” sorption isotherm C°(a),

which may be linearized, in a manner consistent with

that used for C*(a), by setting S°(a) = S°(a = 1) (see

Figure 1) to yield

i Govzcg"(:g)

Se=C= exp(— =T (10)

where C) = C°(a = 1). Equation 10 illustrates the
equivalence of the treatments of JP and of CD.! One
may either choose a value of G, and solve eq 10
iteratively for CJ or set S° directly, as was done by JP.

Another similar approach® is based on the fact that
the compressive DSS imposed by the stiff unpenetrated
interior part of the film on the softened swelling outer
parts tends to suppress lateral swelling of the latter (i.e.,
swelling in the plane normal to the penetration axis).
This is described by an equation analogous to eq 4
namely4

u=u’+RTInC+ RTko (11)

where o is the aforementioned compressive DSS and k
is the relevant compliance (note incidentally that the
last term in eq 11 is erroneously given in the corre-
sponding equation of ref 14). Equation 11 leads, via eq
3, to the stress dependent solubility coefficient S = C/a
= exp(—ko). Sorption equilibrium (i.e., volume swelling
equilibrium) is then attainable via a viscous swelling
deformation of the penetrated polymer along —x (the
only direction in which the swelling polymer is free to
expand), which leads to simultaneous relaxation of o
(ultimately to o = 0) and hence to a corresponding
increase of S, at given a, to S* = 1.

All modeling approaches described above (as well as
subsequent modeling work of the same nature)!® typi-
cally predict the development of a low-concentration
diffuse front (representing diffusion of penetrant in
unrelaxed/slowly relaxing polymer) extending ahead of
the sharp penetration front referred to above. Theoreti-
cal investigation of the shape of the overall case Il
penetration profile has so far focused largely on the
aforesaid diffuse precursor front, assuming a perfectly
sharp (steplike) penetration front (cf. Hui et al.16).

Experimentally, the presence of such precursor fronts
has been demonstrated directly'”~22 or inferred by dif-
ferent methods, such as Rutherford backscattering!’—21
and various optical techniques.1#22-24 A notable excep-
tion is the (otherwise very detailed and informative)
investigation by Thomas and Windle?> of case I diffu-
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sion of methyl alcohol (MA) in poly(methyl methacryl-
ate) (PMMA) sheet, by means of microdensitometry,
using iodine as colored tracer. In light of strong evidence
for precursor fronts provided by Durning et al.2324 in a
study of case Il penetration of MA into very thin
supported PMMA films, using a more reliable (even if
less direct) interferometric technique, the former au-
thors’ failure to detect such fronts is most likely at-
tributable to inability of iodine to penetrate into the low
concentration region of the MA penetration profile.

On the other hand, interpretation of the interference
pattern obtained by the technique used by Durning et
al.2324 is model dependent, and these authors have
shown that it is not possible to understand important
aspects of the observed case Il behavior, on the basis of
the simple step-cum-exponential precursor front model
of Hui et al.'® (see following paper).

The present and following papers constitute a two-
pronged attempt to advance our understanding of the
case Il diffusion phenomenon, as well as address
important specific questions left open by the above
experimental work. In part 1, we report significant new
theoretical results based on the JP model,> concerning
both the rate of advance and the overall shape of the
case Il penetration profile. In particular, a precisely
defined relaxation lifetime is evaluated analytically and
shown to provide a simple single-parameter link be-
tween penetration velocity behavior and relaxation
kinetics. In the same vein, a quantitative measure of
the steepness of the sharp penetration front, also
amenable to analytical evaluation, is proposed and its
application illustrated. In part 2, we present the results
of an experimental investigation of the case Il behavior
of the PMMA—MA system, using a different microint-
erferometric technique, which can yield a reasonably
reliable direct picture of the penetration profile.

Results of Model Calculations

Model calculations were performed on the basis of egs
1, 2 and 7, using the approach and computation methods
described in detail in ref 5, with only a few minor chan-
ges. The notation of ref 5 is also maintained here (note
in particular the use of the tilde ~ throughout to denote
the dimensionless form of the relevant variables), except
for our use of x and f instead of X and /3, in ref 5.

As in ref 5, we consider symmetric penetration across
a film of thickness 2/and confine attention to the half-
space 0 < x < /Z The appropriate boundary condition
at x= /is then (da/dx)x=, = 0. However, eq 2c may still
be satisfied, as nearly as desired, by requiring that
a(x =4 t) — 0. The other boundary conditions embodied
in eqs 2a,b are mere specializations of those of ref 5 (to
a, = 1 and a; = 0, thus making a here equivalent to
ain ref 5).

Finally (see Introduction), Dt(C) and j3(C) are formu-
lated here as exponential functions, namely

D  C
D, = HT = exp(kDC) = exp(kDC) (12)
o

/A o o oo
B=1L =B, exp(keC) = B, exp(keC)  (13)
[o]
where D, = D(C = 0), 5, = /2A(C = 0)/D,, kp = constant,
ko = kpC;, ks = constant, and kg = kgC;.
Calculations were performed, as in ref 5, by applica-
tion of an explicit finite difference method of solution.
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Figure 3. Computed concentration (—) and activity (- --)
penetration profiles for D(C = 1)/D, = D¢/D, = 500 (lines B),
200 (C), and 100 (D), with $° = 0.1, B, = 10, and &/, = 10%.
Q: = 0.50; (A), 0.49, (B), and 0.51, (C).
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Figure 4. Computed concentration (=) and activity (- --)
penetration profiles for B, = /28,/D, = 1 (lines A), 10 (B), and
30 (C), with De/D, = 500, Be/f, = 104, and S° = 0.1. Q; = 0.495
(A), 0.50; (B), and 0.49; (C).

An IBM Risc 6000 workstation was used for this
purpose. The half space 0< X < 1 (where X = x//) was
divided (as in previous analogous work)*® in N = 20
intervals (AX = 1/N = 0.05), and the time increment At
(where t =D,t//2) was set, in each case, at a value (in
the range 1.5 x 1078 to 5 x 1077) sufficiently low to
ensure convergence of the solution.

Values of the remaining salient parameters were
chosen® in ranges ensuring (within realistic limits of
computation accuracy and expense) the establishment
of a reasonably extended case Il diffusion regime,
dictated by the conditions
Be=BC=1)>D-=D;(C=1)>p,21 (l4ab,c)
We used Dg = 100—-500, S° =
BelBo = 103—10°.

Penetration Profiles. Examples of the computed
penetrant concentration profiles C(X, t = constant) (with
t corresponding in each case to a total penetrant uptake,
Qt, equal to ca. half the final equilibrium value, Q.,, i.e.,
Qt = Q/Q. = 0.5) are shown in Figures 2—5 (full lines).
The associated activity profiles are also given (broken
lines). Bearing in mind that a = C* (see introductory
section), the difference (a — C) provides a direct measure
of how far the system is from complete relaxation at any
particular X, t. The computation becomes increasingly
onerous with increasing Dr and/or diminishing So
(because of the lower At values required), while the
quality of the data inevitably deteriorates with increas-
ing steepness of the sharp penetration front. A detailed

0.01-0.2, 3 = 130, and
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Figure 5. Computed concentration (=) and activity (---)
penetration profiles for 5(C = 1)/, = fe/f, = 102 (lines A), 10*
(B), and 10° (C), with S° = 0.1, D¢/D, = 500, and 5, = 10. Q¢
= 0.505 (A), 0.50; (B), and 0.504 (C)

discussion of the latter point is given in ref 5. Figures
2-5 illustrate the effect of each of the aforementioned
main parameters (S° De, Bo. or Belp, respectively),
keeping the remaining parameters constant at the
values corresponding to the set: S° = 0.1, D = 500, f3,
= 10, BelBo = 10% This “standard set” of parameter
values appears in each figure as curve B.

Effect of S° = S°/S®. Figure 2 shows clearly that rise
of S° from 0.1 (curve B) to 0.2 (curve C) leads to a sub-
stantial increase of the height of the precursor front.
At the same time, the precursor front becomes steeper
and its tail less extended (in line with the somewhat
steeper activity profile in case C), so that if the height
of the precursor front C is normalized to that of B, the
width of the precursor front C would be significantly
smaller. As shown more clearly below, this is attribut-
able to a higher effective relaxation frequency, due to
the wider concentration range covered by the precursor
front C.

It is also noteworthy that (although precursor front
height cannot be determined precisely, because of the
gradual merging of the precursor, into the sharp, front)
the observed height of both precursor fronts B and C,
is considerably in excess of the expected value (=0.1 and
0.2 respectively), if the polymer remained unrelaxed in
the precursor front region. The role of relaxation in
determining precursor front height becomes dominant
at values of S° below 0.1. It is remarkable that not only
the height, but the whole precursor front, appears to
be little affected by a drop of S° to a value as low as
0.01, as indicated by the fact that, in Figure 2, precursor
front curve A can hardly be distinguished from B. This
result (which was confirmed by a study of the interme-
diate case of S° = 0.04) reflects a compensation effect,
in precursor front A, between a lower effective relax-
ation frequency (due to the more restricted range in
concentration) and a correspondingly larger (a — C)
driving force (clearly apparent in Figure 2), which is
consistent with the ubiquitous substantial precursor
fronts exhibited by the profiles resulting from the TW
model (which corresponds to the case of S° — 0 here).

Effect of De = D¢/Do. In line with relation 14b, the
highest value of Dr in the range examined was used for
the bulk of our computations. As shown in Figure 3,
moderate variation of De below this value affects es-
sentially only the high concentration region of the
penetration profile. Note in particular that (i) the
concentration gradient behind the sharp front (which
in this region coincides with the activity gradient)
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becomes steeper to compensate for the decrease in D
and (ii) the steepness of the sharp front tends to
decrease to an extent that becomes discernible at Dg =
100 (curve D). It is also noteworthy that, for the latter
value of Dk, a tendency toward negative deviation of the
Q. vs t plot from linearity became increasingly evident,
in keeping with the relatively low value of Dg/2/p,.

Effect of B, = Bo/%D,. Figure 4 shows that j, is the
main parameter affecting the width (and secondarily
also the height) of the precursor front. In particular,
diminution of 3, (curves C — B — A) means slower
relaxation at low concentrations, on the diffusion time
scale, thus allowing more time for the penetrant to
diffuse ahead of the sharp front. This is reflected in both
concentration and activity profiles. Curve A also shows
up a distinct increase of precursor front height. It
appears, therefore, that shrinking of the precursor front
eventually to the point of undetectability is possible, if
po can be made sufficiently high without infringing
conditions.

Effect of fe/fo. Figure 5 shows that the effect of
BFlB, on both concentration and activity profiles is not
very significant (cf. curves B, C), as long as the value of
this parameter remains sufficiently high to ensure
reasonably complete relaxation of the polymer behind
the sharp front, as required by condition 14a. Substan-
tially lower values give rise to a more extended precur-
sor front, less steep sharp front and less flat concentra-
tion profile behind the sharp front. The fact that the
last feature is attributable partly to a less flat activity
profile and partly to incomplete relaxation in the region
close to the sharp front is well illustrated by curves A.

Case Il Penetration Velocities. Dimensionless case
Il penetration velocities were calculated from the linear
part of the computed uptake curves: ¥, = dxp/dt = dQy/dt
(where Xp denotes the location of the sharp penetration
front). As shown in Figure 6, the magnitude of ¥, is
strongly dependent on f, and is weakly influenced by
BFIBo. Its sensitivity to S° is small at low S but increases
substantially with rising S°.

The slope of the log—log plot of Figure 6a is very close

t0 0.5, indicating a linear dependence of ¥, on \/3,. This
is confirmed by the linear plot of Figure 7. In view of
the fact that X = x//and t = D,t//2, it follows that v, is

linearly related to /3,D,, in line with the analogous
results for S° — 0 derived from the TW model.42627 The
strong correlation of ¥, with Bo, in conjunction with the
fact that 5, is the principal parameter affecting the
precursor profile, provides the physical basis for dis-
cussing the behavior of the latter in terms of V,. Thus,
curves A — B — C of Figure 4 may be regarded as
reflecting the progressive shrinking of precursor front
width and height with increasing penetration velocity,
in keeping with the behavior predicted by the idealized
model of Hui et al.1® On the other hand, curves A — B
— C of Figure 2 are also associated with a significant
increase in V, (see Figure 6b) but the result is rather
more complicated, as is discussed in the pertinent text.

Figure 6¢ points to a linear dependence of log ¥, on
log(Br/p,), at constant 5, in reasonable agreement with
analogous previous results for much lower S¢/f3, values?®
(the relevant slopes are 0.11 and 0.125 respectively).

In an attempt to interpret consistently the behavior
of penetration velocity and profile shape revealed by the
above results, we proceed to study the kinetic behavior
of the relaxation process itself.
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Figure 6. Dependence of computed penetration velocity V,
(circles) and of relaxation lifetime tr (squares): (a) on f, (with
S° = 0.1, Dr =200, S/, = 10%; (b) on S° (with Dr = 500, 3, =
10, and ﬂp/ﬁo = 10%); (c) on B/, (with $° = 0.1, D¢ = 500, and
,30 = 10).
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Figure 7. Dependence of computed penetration velocity V,
on S, = /?B4/Do, with S° = 0.1, D¢/D, = 200, and S¢/5, = 10%.

Relaxation Kinetics

Here we consider the kinetics of the relaxation process
uncomplicated by diffusion, i.e., under conditions of
constant activity, such as exist at the exposed surface
of the polymer film, where a = 1. Thus, we have (cf. egs
7 and 13)

&5 — B, exp(ksC)(C,” ~ C) (15)

where C(t = 0) = C. and C(t — ) = C,. From eq 15,
upon setting d2C/dt2 = 0, we find that an |nﬂect|on point
(indicating the location of the steepest part of the C vs
t curve) exists at

c=cR=c;’;’—kiB (16)



Macromolecules, Vol. 35, No. 3, 2002

Ot

Oz ) 1 I

0 0.05 010 015

Pot—

Figure 8. Relaxation kinetics predicted by eq 15 (curve A)
and eq I5a (curves B, B'), with knC; = kgC; = 9.210 (corre-
sponding to Be/B. = BBy = 10%) and B, = fB, (curve B) or B, =

2.546p, (curve B') to ensure coincidence of curve A and B at C
=0.9.

This point lies in the physically acceptable range of CJ
< Cr <_Cyg, if kg(Cy — Cg)>1, which is equivalent to
ks(1l — Sp) > 1. Integration of eq 15 yields

1

t = —exp(—kgC;) x

Bo

Cy—C) = kg'lCy—CY" — (Co—O)

In + (17)
ce-cC = nin

An example of the C(t) curve calculated from eq 17, for
a typical value of kg = kgC;, used in the model calcula-
tions reported above (and with CJ = 0), is given by
curve A in Figure 8. In view of the very steep approach
of C to C; and of the closeness of the inflection point to
C; [eq 16 yields Cgr = 0.89 C; for this example and Cg
— Cg as kg(C; — CJ) — «], a convenient, precisely
definable lifetime of the relaxation process is tg = t(C
= CR). Substitution in eq 17 then yields:

1

t = 2 exp[ko(C7 — €O x
!

> kg'(C5 — €)' 1

In[kg(Cy — Co)l +

= nin
1 o o 1
= E Flkg(Cy — Co)l = _I FIInB:/B)] (18)
where (see eq 13)
By = B, exp(keCy) = B, exp(kgS”) (19)

An analogous analysis of the relaxation kinetics formu-
lated by TW yields very similar results. In particular,
rewriting eq 6 for a = 1 in a form closely analogous to
eq 15 (and with the assumed* concentration dependence
of  shown explicitly), we have

C

1 dC
— —= = —f exp(kyC)In[— (15a)
ce dt ° H c:
where Sy = RT/KoV10, 170/ = exp(knC), K is the material
constant corresponding to kg here, and 7, = n(C = 0).
The resulting inflection point for the concentration

range of interest here (C; — Cr < C7) is given by
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Sepp(SRl= Lo —cro L3 4
FO70 k™ 2k

(o]

(16a)

It will be noted that, for kg = ky, eq 16a differs from eq
16 only by the presence of the third and higher terms
on the right-hand side, which are small for high values
of IN(H = kHCgo.

An illustration of the difference between the relax-
ation kinetics incorporated in the JP (for S° — 0) and
TW models is provided by Figure 8; where curves A and
B have been calculated, by eq 17 and by numerical
integration of eq 15a respectively, with 3, = 3, and ky
= kg. These curves exhibit very similar forms and it is
only necessary to rescale B (by adjusting f;; see curve
B"), to achieve satisfactory coincidence of its steep part
with that of A and, hence, of the case Il behavior
predicted by the respective models.

Correlation between Relaxation Kinetics and
Case Il Diffusion Behavior

Penetration Velocity. Values of the dimensionless
form of the relaxation lifetime defined above, tr = Dotr/
/2, were calculated by means of egs 18 and 19, as a
function of f,, S°, and S¢/f3, for the same set of parameter
values, as were used for the numerical evaluation of the
dimensionless case Il penetration velocities ¥V, shown
in Figure 6. The results obtained, also plotted in Figure
6, exhibit trends closely similar to those of V,, suggesting
that the behavior of ¥, is essentially reducible to that
of tr in all cases. The fact that this is so, to a remarkably
high degree of approximation, is demonstrated in
Figure 9.

The formulation of eq 18 has been designed to
highlight the point that only two parameters are needed
to describe the behavior of tg, namely 5, and fSe/f.
Furthermore, the dependence of tg on ¢/f (described
by the function F) was found to be much weaker than
that on j, (more specifically, over the range of parameter
values covered by our computations, 5, and Sg/f, varied
by factors of >70 and >60 respectively, resulting in F
and tg varying by factors of <2 and >50, respectively).
It follows that, to what still seems a useful degree of
approximation (see Figure 10), the behavior of V, may
be described by a single input parameter, namely f,.
These results constitute a remarkable generalization of
that given in Figures 6a and 7.

Concentration Profile. The relaxation kinetics at
any location X > 0 within the polymer film (subject to
the boundary conditions of eq 2) will differ from that
described above for a = 1, primarily because the activity
a at X is initially zero and can only rise at a finite rate
dictated by the rate at which the diffusing penetrant
arrives at that location. As illustrated in Figure 11,
however, a(X, t) tends to attain the final value ag before
the final sharp rise of C to C; = ag; where ag = 1,
provided that the penetration rate is not subject to
significant diffusion limitation effects (as required by
condition 14b). One should also note that, under condi-
tions of case Il kinetics, C(X = const, t) curves of the
type shown in Figure 11 can be simply transformed to
the corresponding concentration profile C(X = constant,
t) via the relation
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Figure 9. Correlation between computed penetration velocity
¥, and relaxation lifetime tg for D = 500: S° = 0.01 (triangles),
0.04 (squares), 0.1 (circles), 0.2 (diamond); 5, = 1 (fully shaded),
10 (unshaded), 30 (half shaded); ¢/, = 10%, except for Se/fo
= 108 (O with two vertical bars), 10° (O with two horizontal
bars); 5/ = 10* (open or solid characters with three or more
bars).

15

Log Vg

0 05 1 15
LogB;

Figure 10. Correlation between computed penetration veloc-
ity ¥, and f,. Significance of points as in Figure 9.

Accordingly, for a flat high concentration profile and a
not too prominent precursor front, the shape of the
sharp front is determined by the relaxation Kinetics for
a = | considered in the preceding section. In particular,
the steepness of the said sharp front may be usefully
characterized by the magnitude of its slope at the
inflection point. Thus, on the basis of egs 15, 16, and
20, we have

BC Bo ~ . BF exp(_l)
(ﬁ)cch = ke Pke ~ D= @Y
aC Bo o - _ _ﬂ F

(&)C=CR = _vokB explkeCo — 1) = v, Kg exp(1)
(21a)

in terms of dimensionless and experimental variables,
respectively.

Referring back to the discussion of the model calcula-
tion results, note that the change in sharp front steep-
ness predicted by eq 21, when fr is varied (at constant
Bo), becomes clearly visible in Figure 5 at lower fr values
(cf. curves A and B representing ¢ = 10* and g = 10°
respectively). Note also, for completeness, that in the
aforementioned example there are_small opposing ef-
fects, due to concurrent changes in kg and V,, which are
easily overridden by that of B¢ The situation is some-
what different when j3, is varied (at constant Sg/f3).
Thus, a 10-fold change of 5, (cf. curves A and B of Figure
4 representing S, = 1 and p, = 10, respectively) is
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Figure 11. Examples of the evolution of concentration (full
lines) and activity (broken lines) at various locations in the
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accompanied by an opposing relatively large (nearly
4-fold, see Figure 6a) change in V,. It is not surprising,
therefore, that the resulting effect on sharp front
steepness is not so easily discernible. One may further
note that the tendency of the sharp front to become less
steep with decreasing De (illustrated by curves B — D
in Figure 3) is in line with the accompanying increase
of the concentration gradient in the relaxed polymer
region. The maximum attainable concentration (C::"B" =
ag) in the sharp front region is thus lowered as Dr is
reduced; hence, S in eq 21 should be replaced by g =

B(C) < Br.
Summary and Conclusions

The JP relaxation-dependent solubility model® has
been used here as a basis for a more detailed systematic
exploration of the predicted dependence of penetration
velocity and of salient features of the concentration
profile, on the principal parameters governing case Il
behavior. In particular, the variation of ¥V, and of the
sharp and diffuse parts of the concentration profile, as
a function of each of the said parameters, namely D,
S°, o, and Self, has been studied by means of appropri-
ate model calculations, after restoring the (physically
more appropriate) exponential form to the concentration
dependence of Dt and f (since computer limitations,
which imposed the use of simpler functions for this
purpose in ref 5, no longer exist). The results obtained
fully confirm and substantially extend previous results
obtained from simpler models.#16:26

A comparative discussion of the models of the TW and
JP models*® has been given to elucidate their similari-
ties and differences and to justify our choice of the latter
for the present work. Thus, it has been shown that the
general physical basis and the salient features of
relaxation kinetics are very similar. However, the
presence of the parameter S° in the JP model confers
on it substantial advantages, notably (i) a closer ap-
proach to physical reality leading to much wider ap-
plicability, (ii) greater computational rigor and simplic-
ity, and (iii) analytical tractability of the all-important
relaxation lifetime parameter.

Relaxation Kinetics was studied separately. It was
shown that a remarkably close and simple single-
parameter link between the aforementioned behavior
of penetration velocity and relaxation Kinetics, is pro-
vided by a precisely definable characteristic relaxation
lifetime tr. The latter parameter is closely analogous
to the yield delay time in mechanical creep experi-
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ments.28 Use of this concept has previously been made
in our semiquantitative interpretation of the wide
variety of kinetics (ranging from case | to case Il), which
characterize penetration of strong swelling agents in
various directions along uniaxially oriented cellulose
acetate films;2%30 however, the present results confer
guantitative substance to the said concept. To a lower,
but still very useful, degree of approximation, the
behavior of ¥, may be interpreted in terms of a single
input parameter, namely f,. It is noteworthy that the
slope of the log—log correlations shown in Figures 9 and
10 is the same as that of Figure 6a. This means that
the functional form of the dependence of ¥, on tg or 3,
is the same as that of the previously established*16:26
dependence of ¥, on f5,. Thus, the former two results
represent true generalizations of the latter one. On this
basis, it appears that the conditions of case Il Kinetics
embodied in relation 14 should properly be written in
terms of tr rather than of f,.

A quantitative measure of the steepness of the sharp
part of the concentration profile has also been devised
and expressed analytically in terms of relaxation kinetic
parameters. The resulting expression has been used to
interpret certain visible changes in our computed sharp
profiles; but its real utility stems from the fact that
simple numerical computation constitutes a very inef-
ficient way of obtaining information of this kind. The
difficulty posed by the inevitable coarseness of the
subdivision of x may be circumvented by reverting to
C(X = constant, t) curves of the type illustrated in Figure
11 (which are computed over very small time intervals),
but the problem of the inaccuracy of the numerical
approximations in the region of the sharp front (at any
practical AX value) remains. The aforementioned ex-
pression also has considerable practical utility, espe-
cially with regard to the evaluation of the results of
experimental techniques,?324 which are sensitive to (and
are potentially capable of providing information on) even
subtle changes of sharp profile steepness. This matter
is taken up in part 2.

Notation

a: activity of penetrant defined by eq 3

C: concentration of penetrant in mol per unit volume of
pure polymer

Co(a): sorption isotherm for unrelaxed polymer

C=(a): sorption isotherm for fully relaxed polymer

Co: concentration in the unrelaxed polymer ata = 1

C;: concentration in the fully relaxed polymer ata =1

Cgr: concentration at the inflection point of the relaxation
kinetic C vs t curve

C[=CIC>]: normalized concentration

D+: thermodynamic diffusion coefficient defined here on a
polymer-fixed frame of reference

Do[=D+(C = 0)]: thermodynamic diffusion coefficient at the
limit of zero concentration

Dr: thermodynamic diffusion coefficient at C = CJ

DF[=DF/DO]: normalized thermodynamic diffusion coef-
ficient at C = Cy

G,: instantaneous elastic modulus.

k: compressive compliance

k: constant in eq 13

kp: constant in eq 12

kn: material constant in eq 15a

ko: constant in eq 6

ks[=ksCg]: constant in eq 13

ko[=koC{]: constant in eq 12
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4 half thickness of film

Qi Q.. penetrant uptake at t and t — o respectively

Q:[=Q¢/Q.]: normalized penetrant uptake

S[=C/a]: solubility coefficient

S°[=C?/a]: solubility coefficient corresponding to unrelaxed
sorption isotherm

S*[=C~/a]: solubility coefficient corresponding to fully
relaxed sorption isotherm

S[=C/a]: normalized solubility coefficient

S°[=S°/S=]: ratio of linearized unrelaxed and fully relaxed
sorption isotherms

t: time

tr[=t(C = Cg)]: lifetime of the relaxation process

t[=D,t//?]: dimensionless time

tr=[Dotr//2]: dimensionless lifetime of the relaxation pro-
cess

At: dimensionless time increment used in computations

V: partial molar volume of the sorbed penetrant

Uo[=d%p/dt = dQy/dt]: dimensionless case Il penetration
velocity

X: position along the axis of penetration

X[=x/]: dimensionless position coordinate

Xp: dimensionless location of the sharp penetration front
AX: dimensionless space increment used in computations

Greek Symbols

p: relaxation frequency defined in eq 7

Bo: B(C =0)
pr: BC = C))
Br: B(C =Cy)

Bo: relaxation frequency defined in eq 15a

BIB/2ID): dimensionless relaxation frequency

¢: deviatory swelling strain defined in eq 6

7. viscosity

u, u°: chemical potential of penetrant in the polymer and
in the pure bulk liquid respectively

IT: osmotic stress

o: compressive differential swelling stress
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